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1. Introduction
A group G that is isomorphic to a group of automorphisms of a vector space A over a field F is called a linear
group and we denote the group of all such automorphisms by GL(F, A). If dimF A, the dimension of A over F , is
finite, then G is usually called a finite dimensional linear group and GL(F, A) can then be identified with the group
of n × n matrices with entries in F , where n = dimF A. Finite dimensional linear groups have played an important
role in mathematics, partly because of this correspondence, but also because of the rich interplay between geometrical
and algebraic ideas associated with such groups.
The study of the subgroups of GL(F, A) in the case when A is infinite dimensional over F has been much more
limited and normally requires some additional restrictions. One such restriction that has enjoyed considerable attention
is the notion of a finitary linear group, where a group G is called finitary if, for each element g ∈ G, the subspace
CA(g) has finite codimension in A, and the reader is referred to the paper [11] and the survey [12] to see the type of
results that have been obtained. Given the success that the study of groups with finiteness conditions has enjoyed, it is
also reasonable to study infinite dimensional linear groups with finiteness conditions. From our point of view a finitary
linear group can be viewed as the linear analogue of an FC-group (that is, a group with finite conjugacy classes). More
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recently, papers [2] and [8] have discussed certain other types of finiteness condition in linear groups, analogous to
the well-known theories of groups with the minimal condition (respectively maximal condition), first investigated by
S.N. Cˇernikov (respectively K.A. Hirsch).
If H is a subgroup of GL(F, A) then H really acts on the quotient space A/CA(H) in a natural way. We denote
dimF (A/CA(H)) by centdim FH . If dimF (A/CA(H)) is finite we say that H has finite central dimension; otherwise
we shall say that H has infinite central dimension. A group G is therefore finitary linear precisely when each of its
cyclic subgroups has finite central dimension. (We remark that the central dimension of a subgroup depends on the
particular vector space on which it is acting.) If H ≤ GL(F, A) has finite central dimension then it is easy to see
that if K ≤ H then K also has finite central dimension. In paper [2] we studied linear groups in which the family of
subgroups of infinite central dimension satisfied the minimal condition; paper [8] considered the analogous problem
for linear groups in which the family of subgroups of infinite central dimension satisfied the maximal condition.
In this paper we take this study a stage further and consider linear groups of infinite central dimension satisfying
certain restrictions on the ranks of their subgroups. A group G is said to have finite 0-rank (or finite torsion-free rank),
r0(G) = r , if G has a finite subnormal series with exactly r infinite cyclic factors, all other factors being periodic. It
is well known that the 0-rank is independent of the chosen series. In the case of polycyclic-by-finite groups the 0-rank
is simply the Hirsch number. It is also well known that if G is a group of finite 0-rank, H ≤ G and L C G, then H
and G/L also have finite 0-rank. Furthermore r0(H) ≤ r0(G) and r0(G) = r0(L)+ r0(G/L). Soluble groups of finite
torsion-free rank have been well studied (see [9, Section 5.2], for example). This theory has been taken somewhat
further in the paper [3] where even locally (soluble-by-finite) groups of finite torsion-free rank are considered.
Now let p be a prime. A group G has finite p-rank, rp(G) = r , if every elementary abelian p-section of G is
finite of order at most pr and there is an elementary abelian p-section U/V such that |U/V | = pr . It is well known
that if G is a group of finite p-rank, H ≤ G and L C G, then H and G/L also have finite p-rank. Furthermore
rp(H) ≤ rp(G) and rp(G) ≤ rp(L) + rp(G/L). In our work when speaking of the p-rank we shall assume that
p = 0 or that p is a prime, being more specific when we need to be. We are interested in those linear groups of infinite
central dimension and of infinite p-rank whose proper subgroups of infinite p-rank are of finite central dimension;
thus the proper subgroups of infinite p-rank, although large, are not too large, in some sense.
In Section 2 we cover the basic results concerning groups of infinite central dimension and infinite p-rank whose
proper subgroups of infinite p-rank are of finite central dimension. Given the definition of groups with finite 0-rank, it
makes sense to add some additional solubility hypothesis and this we do in Section 3, where we obtain our first main
result on soluble groups of the type under discussion. It turns out that when p = 0 there are no groups of the type in
question.
When p 6= 0 there is additional work to be done. We can also obtain other results with a little more effort.
Accordingly, we recall that a group G has finite abelian section rank if every abelian section of G has finite p-rank for
p ≥ 0. We note that Baer and Heineken [1] have shown that for soluble (and even hyperabelian) groups finite abelian
section rank is equivalent to finite abelian subgroup rank (that is, the abelian subgroups of G have finite p-rank for
p ≥ 0). Furthermore, a group G has finite special rank r(G) = r if every finitely generated subgroup of G can be
generated by r elements and r is the least positive integer with this property. This notion is due to Mal’cev [10]. The
special rank of a group is sometimes also called the Pru¨fer–Mal’cev rank. In Section 4 we obtain results aimed at
generalizing our work to the locally soluble case.
Our notation will be as follows. We let X0 denote the class of groups G such that r0(G) is finite and, if p is a prime,
let X1,p denote the class of groups G for which rp(G) is finite. At the risk of some ambiguity, we will denote X1,p by
X1. We let X2 denote the class of groups with finite abelian section rank and we let X3 denote the class of groups that
have finite special rank. In Section 4 we prove the following omnibus theorem, where in the case i = 1 the prime p
occurring in the statement of the theorem is the same prime as was used in the definition of X1.
Main Theorem. Let i be one of 0, 1, 2 and 3. Let G ≤ GL(F, A) be locally soluble and suppose that centdim F (G)
is infinite and G 6∈ Xi . Suppose that every proper subgroup of G has finite central dimension or belongs to the
corresponding class Xi . Then G is soluble and if i = 1, 2 or 3 the following conditions hold:
(i) G = H o Q where Q ∼= Cq∞ for some prime q;
(ii) H is a p-group of finite central dimension where p = char F 6= q;
(iii) K = H ∩ Z(G) is finite;
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(iv) H/K is an infinite elementary abelian p-group;
(v) H/K is a minimal normal subgroup of G/K.
In our brief Section 5 we give an example to illustrate our main theorems. Notation that is used but not explained
in the sequel is that in standard use and we refer the reader to [13] for this.
2. Preliminary results
In this section we shall establish some of the elementary properties of groups in which every proper subgroup of
infinite p-rank has finite central dimension. Although the following result is very elementary (and we omit its proof)
it will be extremely useful in what follows.
Lemma 2.1. Let G ≤ GL(F, A) and suppose that rp(G) and centdim F (G) are infinite. Suppose that every proper
subgroup of infinite p-rank has finite central dimension.
(i) If U, V  G and G = 〈U, V 〉 then at least one of U, V has finite p-rank.
(ii) If H  G has infinite p-rank, then every subgroup of H and every proper subgroup of G containing H has
finite central dimension.
(iii) If K , L are proper subgroups of G containing H then 〈K , L〉 is a proper subgroup of G.
We shall naturally be interested in the study of certain quotient groups that can arise, since in Section 3 our interest
will be directed at soluble groups. We pursue this theme for the remainder of this section.
Lemma 2.2. Let G ≤ GL(F, A) and suppose that rp(G) and centdim F (G) are infinite. Suppose that every proper
subgroup of infinite p-rank has finite central dimension. If H C G is a proper subgroup of infinite p-rank and G/H
is finitely generated, then G/H is a cyclic q-group for some prime q.
Proof. Suppose that G = 〈H, S〉 for some finite set S with the property that if T is a proper subset of S then
G 6= 〈H, T 〉. Let S = 〈x1, . . . , xk〉. If k > 1, then the subgroups 〈H, x1, . . . , xk−1〉 and 〈H, xk〉 are proper, and
Lemma 2.1 provides a contradiction. It follows that G/H is cyclic. If G/H is infinite, or if G/H is finite but
pi(G/H) > 1, then it is a product of two proper subgroups, which again gives a contradiction. Hence G/H is a
finite q-group for some prime q . 
Corollary 2.3. Let G ≤ GL(F, A) and suppose that rp(G) and centdim F (G) are infinite. Suppose that every proper
subgroup of infinite p-rank has finite central dimension. If H C G is a subgroup of infinite p-rank such that G/H is
infinite then G is a finitary linear group.
Proof. By Lemma 2.2, G/H is not finitely generated. Hence if g is an arbitrary element of G then 〈H, g〉 is a proper
subgroup of G and Lemma 2.1 implies that 〈H, g〉 has finite central dimension. It follows that 〈g〉 has finite central
dimension and hence G is finitary. 
We require three technical lemmas which will allow us to invoke Lemma 2.1 at the appropriate point. These may
be well known, but we include them for the sake of completeness.
Lemma 2.4. Let G be a group and let q be a prime. Suppose that A C G is an infinite elementary abelian q-subgroup
of G such that G/A is finite. Then G is generated by two proper subgroups having infinite q-rank.
Proof. Suppose first that G is a q-group. Then G is nilpotent by [13, Lemma 6.34]. Since G is infinite, G/G ′ is
infinite, by [13, Lemma 2.22], and hence is a direct sum of finite q-subgroups. It is easy to see that there are proper
subgroups U, V each of infinite q-rank such that G = UV .
Suppose now that G/A is not a q-group and let L be a finite subgroup of G such that G = AL . Let P be a Sylow
q-subgroup of G, so P is a proper subgroup having infinite q-rank. Let 1 6= a1 ∈ A and A1 = 〈a1〉G . Since G/A is
finite, it is clear that A1 is finite and that A = A1×C1 for some subgroup C1. Since |G : C1| is finite, D1 = core G C1
has finite index in A. Let 1 6= a2 ∈ D1 and A2 = 〈a2〉G . Then 〈A1, A2〉 = A1 × A2 and A = (A1 × A2) × C2 for
some subgroup C2. In this way we construct an infinite family {An|n ∈ N} of nontrivial G-invariant subgroups such
that 〈An|n ∈ N〉 = Drn∈NAn . If
K = A1 × A3 × · · · × A2k+1 × A2k+3 × · · ·
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then K is a proper G-invariant subgroup of A having infinite q-rank. Since K L does not contain 〈An|n ∈ N〉, K L is
a proper subgroup of G having infinite q-rank and clearly, G = 〈P, K L〉. 
Lemma 2.5. Let G be a group and q a prime. Let A be a normal divisible abelian q-subgroup of G such that G/A
is finite. If A has infinite q-rank, then G is generated by two proper subgroups having infinite q-rank.
Proof. Since A is a divisible q-group, it is a product of Pru¨fer q-subgroups. Let K ∼= Cq∞ be a subgroup of A and
let L = KG . Since G/A is finite, L is Cˇernikov and A = L × U where U has infinite q-rank. Let D ∼= Cq∞ be a
subgroup of U . Again we have A = L × D × V for some subgroup V having infinite q-rank. Since |G : NG(V )|
is finite, V has finitely many conjugates V1, . . . , Vm in G and if W = core G V then A/W can be embedded in
A/V1 × · · · × A/Vm , so A/W is Cˇernikov. By the choice of W we have L ∩ W = 1 and A/W 6= LW/W . Since
LW/W is G-invariant and G/A is finite a result of Zaitsev [16] implies that A/W = (LW/W )(B/W ) where B/W
is a G-invariant subgroup and (LW/W ) ∩ (B/W ) is finite. There exists a finite subgroup F such that G = AF and
clearly BF is a proper subgroup of G. AlsoW has infinite q-rank so both subgroups LW and BF have infinite q-rank.
Clearly G = (LW )(BF) and the result follows. 
We shall also use the following result, which is very easy to prove.
Lemma 2.6. Let G be a group and suppose that A C G is such that G/A is infinite, periodic and abelian-by-finite.
If pi(G/A) > 1 then G is a product of two proper subgroups containing A.
We apply these results in the next lemma.
Lemma 2.7. Let G ≤ GL(F, A) and suppose that rp(G) and centdim F (G) are infinite. Suppose that every proper
subgroup of infinite p-rank has finite central dimension. Let K C H ≤ G and suppose that H/K is abelian-by-finite.
If rp(H/K ) is infinite then H has finite central dimension.
Proof. Suppose first that p = 0. Let L be a normal subgroup of H such that H/L is finite and L/K is abelian. Clearly
r0(L/K ) is infinite so L/K contains a free abelian subgroup B/K such that r0(B/K ) is infinite and L/B is periodic.
Since H/L is finite, B has only finitely many conjugates in H , B1, . . . , Bm say, and if C = core H B then there is an
embedding
L/C ↪→ L/B1 × · · · × L/Bn .
It follows that L/C is periodic and hence r0(C/K ) is infinite as is r0(C). Note also that C/K is free abelian. If
H/C is finite or pi(H/C) = 1, then choose a prime q 6∈ pi(H/C) and set D/K = (C/K )q . If H/C is infinite and
pi(H/C) > 1, then let D = C . Then, in each case, H/D is infinite, periodic and pi(H/D) > 1. Also r0(D) is infinite.
Applying Lemmas 2.6 and 2.1 to H we see that H has finite central dimension.
Now suppose that p > 0 and let L be defined as before. Choose a free abelian subgroup B/K of L/K such that
L/B is periodic. If r0(B/K ) is infinite then we can proceed as in the case p = 0, so suppose that r0(B/K ) is finite. As
above, if C = core H B then L/C is periodic and rp(L/C) is infinite. Factoring by the Sylow p′-subgroup of L/C ,
if necessary, we may assume that L/C is a p-group. If L/L pC is infinite then H/L pC satisfies the hypotheses of
Lemma 2.4 so H is the product of two proper subgroups, each of infinite p-rank and hence of finite central dimension.
Thus H also has finite central dimension in this case. If L/L pC is finite then using well-known properties of basic
subgroups, we have that L/C = E/C × D/C for some finite subgroup E/C and divisible subgroup D/C . Since
H/L is finite and L/C is abelian, F/C = (E/C)(H/C) is also finite. Furthermore L/F is a divisible abelian p-group
of infinite p-rank so now we can apply Lemma 2.5 to H/F to deduce that H is a product of two proper subgroups,
each of infinite p-rank, and hence of finite central dimension. Thus H also has finite central dimension in this case
and the result follows. 
Finally, we obtain the main result of this section.
Lemma 2.8. Let G ≤ GL(F, A) and suppose that rp(G) and centdim F (G) are infinite. Suppose that every proper
subgroup of infinite p-rank has finite central dimension. Let H C G and suppose that G/H is abelian-by-finite. Then
G/H is isomorphic to a subgroup of Cq∞ , for some prime q. Furthermore, if G/H is infinite then q 6= charF.
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Proof. Clearly we may assume that G 6= H . If rp(G/H) is infinite, then centdim F (G) is finite by Lemma 2.7.
Thus rp(G/H) must be finite and therefore rp(H) is infinite. Moreover, if G/H is finite then the result follows by
Lemma 2.2. Thus we may suppose that G/H is infinite.
We first suppose that G/H is an abelian group. By Lemma 2.1(iii) G/H cannot be free abelian. Let B/H be a free
abelian subgroup of G/H such that G/B is periodic. Since rp(H) is infinite, rp(B) is also infinite. If pi(G/B) > 1,
then clearly G is a product of two proper subgroups and Lemma 2.1(iii) gives a contradiction. Thus G/B is a q-group,
for some prime q . If B/H is nontrivial let r be a prime distinct from q and let C/H = (B/H)r 6= B/H . Then
G/C is periodic, pi(G/C) = {q, r} and we now obtain a contradiction, as above. It follows that G/H is a periodic
q-group. If G/H is divisible then it is a direct product of copies of Pru¨fer q-groups and Lemma 2.1(iii) implies that
G/H ∼= Cq∞ . Otherwise (G/H)/(G/H)q is a nontrivial elementary abelian q-group and Lemma 2.1(iii) shows that
|(G/H)/(G/H)q | = q . It is then easy to see that G/H = (E/H)× (D/H) where D/H is divisible and |E/H | = q
and Lemma 2.1(iii) again gives a contradiction.
For the general case let L/H be a normal abelian subgroup of G/H such that G/L is finite. Let U/H be an
arbitrary subgroup of finite index in G/H . If V/H = core G/H U/H then G/V is also finite and rp(V ) is infinite. By
Lemma 2.2 G/V is a cyclic q-group for some prime q so G ′ ≤ V ≤ U . Thus if W/H is the finite residual of L/H
then G/W is abelian, W has infinite p-rank and, by the first part of the argument, G/W is finite, since it is residually
finite. Thus G = WK for some subgroup K containing H such that K/H is finitely generated. Since G/H is infinite
Lemma 2.2 implies that G 6= K . Then from Lemma 2.1(iii) we deduce that G = W , so G/H is abelian and the result
follows by the first part of the proof.
Finally, when G/H ∼= Cq∞ then H has finite central dimension. If C = CA(H) then dimF (A/C) is finite. Since
H ≤ CG(C) we have that either G = CG(C) or G/CG(C) ∼= Cq∞ . In the former case centdim F (G) is finite, which
is a contradiction. Hence G/CG(C) ∼= Cq∞ . By Corollary 2.3 G is a finitary linear group and hence G/CG(C) is a
finitary subgroup of GL(F,C). By [2, Lemma 5.1] q 6= char F . 
3. Soluble groups
In this section we apply the results of Section 2 to soluble groups and obtain our first main result in the 0-rank case.
Proposition 3.1. Let G ≤ GL(F, A) and suppose that rp(G) and centdim F (G) are infinite. Suppose that every
proper subgroup of infinite p-rank has finite central dimension. If G is soluble then G contains a normal nilpotent
subgroup H of infinite p-rank and G/H ∼= Cq∞ , for some prime q. If F has characteristic 0 then H is torsion-free.
If char F 6= 0 then p 6= 0, char F = p and H is a bounded p-group.
Proof. If
G = D0 ≥ D1 ≥ · · · ≥ Dn = 1
is the derived series of G then there is a natural number m such that G/Dm is finite, but Dm/Dm+1 is infinite. Let
K = Dm . By Lemma 2.8 G/K ′ ∼= Cq∞ , for some prime q. Since K ′ clearly has infinite p-rank it has finite central
dimension and hence C = CA(K ′) has finite codimension. Now K ′ ≤ CG(C) and, since G has infinite central
dimension, G/CG(C) ∼= Cq∞ . Since K ′ C G, C is an FG-submodule of A. The factor module A/C has finite
dimension over F so A has a finite series of FG-submodules
0 = C0 ≤ C1 = C ≤ C2 ≤ · · · ≤ Ct = A
such that C2/C1, . . . ,Ct/Ct−1 are simple FG-modules. Let
H = CG(C1) ∩ CG(C2/C1) ∩ · · · ∩ CG(Ct/Ct−1).
Since G is soluble the factor groups G/CG(C2/C1), . . . ,G/CG(Ct/Ct−1) are abelian-by-finite, by a theorem
of Mal’cev (see [15, Lemma 3.5]). It follows that G/H is also abelian-by-finite and Lemma 2.8 implies that
G/H ∼= Cq∞ . Thus rp(H) is infinite.
Finally, each element of H acts trivially on every factor C j+1/C j , 0 ≤ j ≤ t−1, and it follows that H is nilpotent.
If char F = 0 then H is torsion-free; if char F = r > 0 then H is a bounded r -subgroup, by [7, Proposition 1.C.3]
and [4, Section 43] and hence p = r in this case. The result follows. 
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We can now obtain our first main theorem concerning groups in which every proper subgroup of infinite 0-rank has
finite central dimension. As our result shows, there are no such groups.
Theorem 3.2. Let G be a soluble subgroup of GL(F, A). Suppose that every proper subgroup of infinite 0-rank has
finite central dimension. Then either G has finite central dimension or r0(G) is finite.
Proof. Suppose, for a contradiction, that centdim F (G) and r0(G) are both infinite. By Proposition 3.1 G contains a
normal nilpotent torsion-free subgroup H such that G/H ∼= Cq∞ , for some prime q. Since r0(G) is infinite, H 6= 1.
Let
1 = H0 ≤ H1 ≤ · · · ≤ Ht = H
be the upper central series of H , so that each of the factors is also torsion-free.
Suppose first that G is locally nilpotent and let T be the torsion subgroup of G. Since T ∩ H = 1, either T ∼= Cq∞
or T is finite. Clearly the isolator of HT/T is G/T so it follows from [5] that the torsion-free locally nilpotent group
G/T is also nilpotent and of infinite torsion-free rank. Hence G/G ′T also has infinite torsion-free rank, using [13,
Theorem 2.26]. However by Lemma 2.8 G/G ′ ∼= Cq∞ . By this contradiction, G is not locally nilpotent.
Our aim in the rest of the proof is to show that now an arbitrary non-locally nilpotent, soluble group having the
structure of G must be a product of two proper subgroups both of infinite torsion-free rank and, to this end, we may
factor by Ht−1 and hence assume that H is torsion-free abelian.
Thus H is a ZR-module, where R = G/G ′, in the natural way. Let X be the Q-divisible envelope of H , so X is a
QR-module. Let 1 6= z ∈ R and let 〈x〉 be an infinite cyclic group. Then X is a Q〈x〉-module if we define the action
of x on X by a · x = az, a ∈ X . The group ring Q〈x〉 is a principal ideal domain and since z has finite order X is a
Q〈x〉-periodic, bounded module, that is AnnQ〈x〉(X) 6= 0. If I is an ideal of Q〈x〉, then let
X I = {a ∈ X |aI n = 0 for some n ∈ N}.
We call X I the I -component of X and X I is a Q〈x〉-submodule of X . Since Q〈x〉 is a principal ideal domain we have
X =⊕P∈pi XP , as in abelian Group Theory, where pi is a finite set of maximal ideals ofQ〈x〉. If pi = {(x−1)Q〈x〉},
then X (x − 1)m = 0 for some m ∈ N and hence X〈z〉 is nilpotent. Since G is not locally nilpotent we can choose
z ∈ R such that pi 6= {(x − 1)Q〈x〉}. Let σ = pi \ {(x − 1)Q〈x〉}, write B =⊕P∈σ XP and let C be the (x − 1)Q〈x〉-
component of X . The choice of z implies that B 6= 0. Furthermore CB(z) = 0 and hence CX/C (z) = 0 = CX/C (R).
Since R is abelian, C is a QG-module also and, since every proper subgroup of R is finite, it follows that X/C is an
Mc-module over QR in the terminology of [6]. For every z ∈ R the Q〈z〉-module X is semisimple, by Maschke’s
theorem, and so Theorem B′ of [6] implies that the intersection of the maximal QR-submodules of X/C is trivial. In
particular, X/C has maximal subgroups and so X contains a maximal QR-submodule, E say.
Let V = E ∩ H , a ZR-submodule of H . Since H generates X as a QR-module we have V 6= H . Moreover,
the ZR-module H/V is not simple since, additively, such modules are elementary abelian [13, Lemma 5.26] and
H/V is torsion-free, being a subgroup of X/V . Suppose that W is a ZR-submodule of H such that V < W . Then
W ⊗ZR QR = W ⊗ZQ is a QR-module that strictly contains E and so equals X . Thus W ⊗ZQ = H ⊗ZQ and it
follows that H/W is periodic.
Choose a ∈ H \ V such that L = 〈a〉GV 6= H . Then H/L is periodic and by a result of Zaicev [17] the set
∆ = {p|p is a prime such that (L/V )p 6= L/V }
is infinite. Let r be a prime such that r 6= q and L1/V = (L/V )r 6= L/V . Let U/L1 be the Sylow r ′-subgroup
of H/L1. Then G/U is periodic so r0(U ) is infinite. Also [7, 1.D.4] implies that G/U = H/U o P/U for some
P/U ∼= R and hence G/U is a product of two proper subgroups, contradicting Lemma 2.1(iii). Our result now
follows. 
4. Locally soluble groups
Our aim is to show that locally soluble groups of the type under discussion are actually soluble. We need some
additional information to set up the proof of this.
Lemma 4.1. Let H ≤ GL(F, A). If H is locally soluble and has finite central dimension, then H is soluble.
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Proof. Let C = CA(H). Then dimF (A/C) is finite and therefore H/CH (A/C) is soluble [15, Corollary 3.8]. Every
element of CH (A/C) acts trivially on the factors of the series 0 ≤ C ≤ A, so CH (A/C) is abelian and hence H is
soluble. 
Lemma 4.2. Let G be a locally soluble subgroup of GL(F, A) and suppose that G has infinite central dimension and
infinite p-rank for some p ≥ 0. Assume that every proper subgroup of infinite p-rank has finite central dimension. If
G is not soluble then G is perfect.
Proof. First note that if H is a proper normal subgroup of G of finite index then rp(H) is infinite and hence
centdim F (H) is finite. It follows from Lemma 4.1 that H is soluble and from Lemma 2.2 that G/H is abelian.
Thus G is soluble which is a contradiction. Hence if G 6= G ′ then G/G ′ is divisible. The structure of divisible abelian
groups implies that G contains a proper normal subgroup H such that G/H ∼= Cq∞ , for some prime q . Then rp(H)
is infinite, hence H has finite central dimension and again Lemma 4.1 implies that H is soluble. Then G is soluble
and we obtain a contradiction once more. The result follows. 
In order to handle the case when p is prime we need the following technical result, which should be compared
with [3, Lemma 2.12]. Let d(G) denote the derived length of the soluble group G and let T (G) denote the maximal
normal periodic subgroup of G.
Proposition 4.3. Let p be a prime, let G be a soluble group and suppose that rp(G) = r is finite. There are functions
sp : N −→ N, f p : N −→ N such that d(G/T (G)) ≤ sp(r) and G/T (G) has finite special rank at most f p(r).
Proof. Let T = T (G) and let L/T denote the Hirsch–Plotkin radical of G/T . Then L/T is torsion-free and if A/T
is an abelian subgroup of L/T then r0(A/T ) ≤ rp(A/T ) ≤ r . By Mal’cev’s theorem (see [13, Theorem 6.36]) L/T
is nilpotent and a result of Sesekin [14, Theorem 7] shows that r0(L/T ) ≤ t where t = r(r + 1)/2. It follows that L
has a finite series of G-invariant subgroups
T = B0 ≤ B1 ≤ · · · ≤ Bm = L ,
every factor of which is abelian, torsion-free, G-rationally irreducible, and m ≤ t . Thus we can consider H j =
G/CG(B j/B j−1) as an irreducible subgroup of GLk( j)(Q) where k( j) = r0(B j/B j−1), for 1 ≤ j ≤ m. Since
B j/B j−1 is abelian, k( j) ≤ r . By another result of Mal’cev (see [15, Lemma 3.5]), there exists a functionµ : N −→ N
such that H j contains a normal abelian subgroup U j having finite index at most µ(r). Let T j be the torsion subgroup
ofU j . By [15, Theorem 9.33], T j is finite of order bounded by some function γ (r). NowU j/T j is abelian and torsion-
free and hence has finite special rank at most r . Hence U j has finite special rank at most r + γ (r), so H j has finite
special rank at most r + γ (r)+ µ(r). Furthermore, H j is soluble and d(H j ) ≤ 1+ µ(r).
Let C = CG(B1/B0) ∩ CG(B2/B1) ∩ · · · ∩ CG(Bm/Bm−1). Clearly L ≤ C . On the other hand, C/CG(L/T ) is
nilpotent by [7, 1.C.1 Theorem] so γs+1(C) ≤ CG(L/T ), for some integer s. Since G is soluble, CG/T (L/T ) ≤ L/T ,
by [13, Lemma 2.32] and it follows that γs+1(C) ≤ L . Hence C/L is nilpotent and since the factor groups Bi+1/Bi
are C-central we deduce also that C/T is nilpotent. Thus C ≤ L and C = L .
There is an embedding
G/C ↪→ G/CG(B1/B0)× G/CG(B2/B1)× · · · × G/CG(Bm/Bm−1),
and we deduce that G/C is abelian-by-finite of finite special rank at most t (r+γ (r)+µ(r)) and d(G/C) ≤ 1+µ(r).
It follows that G/T is a soluble group of finite special rank at most t + t (r + γ (r)+µ(r)) = t (1+ r + γ (r)+µ(r))
and d(G/T ) ≤ t − 1 + 1 + µ(r) = t + µ(r), since a nilpotent torsion-free group of finite 0-rank t has nilpotency
class at most t − 1. We may therefore set
sp(r) = r(r + 1)/2+ µ(r) and f p(r) = (r(r + 1)/2)(1+ r + γ (r)+ µ(r)),
to complete the proof. 
We shall use the notation established in Proposition 4.3 in the next result.
Theorem 4.4. Let p be a prime and let G be a locally soluble group such that rp(G) = r is finite. Then G/T (G) is
a soluble group such that d(G/T (G)) ≤ sp(r) and G/T (G) has finite special rank at most f p(r).
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Proof. Let T = T (G), let d = sp(r), and suppose that g ∈ G(d). Then g ∈ F (d), for some finitely generated subgroup
F . By Proposition 4.3, g has finite order and hence G(d) is a periodic normal subgroup so that G(d) ≤ T . Therefore
G/T is soluble and d(G/T ) ≤ sp(r). Applying Proposition 4.3 to G/T , we see that G/T has finite special rank at
most f p(r). 
Lemma 4.5. Let G be a locally soluble subgroup of GL(F, A) and suppose that G has infinite central dimension
and infinite p-rank, where p ≥ 0. Assume that every proper subgroup of infinite p-rank has finite central dimension.
If G is not soluble and H is a normal subgroup of G having finite p-rank, then H/T (H) is G-central.
Proof. If p = 0 then we apply [3, Lemma 2.12] and if p > 0 then we apply Theorem 4.4 to H and, in either case,
we see that H/T (H) is soluble and has finite special rank, which is a function of r . Let n = r0(H/T (H)), which is
dependent upon r only. Then H has a finite series of G-invariant subgroups
T (H) = H0 ≤ H1 · · · ≤ Hd = H,
each of whose factors is abelian.
Note that H1/T (H) is torsion-free and of finite rank at most n so that Aut (H1/T (H)) is isomorphic to a subgroup
of GL(n,Q). Hence G/CG(H1/T (H)) is a locally soluble group isomorphic to a subgroup of GL(n,Q). It follows
from [15, Corollary 3.8] that G/CG(H1/T (H)) is soluble and hence trivial by Lemma 4.2. Thus [G, H1] ≤ T (H).
Suppose inductively that [G, Hd−1] ≤ T (H). Then Hd−1/T (H) ≤ Z(G/T (H)) so that H/T (H) is nilpotent of
class at most 2. Let K/T (H) = Z(H/T (H)). Then, as above, since K/T (H) and H/K are torsion-free abelian and
of rank at most n we have [G, K ] ≤ T (H) and [G, H ] ≤ K . It follows by the three subgroups lemma and Lemma 4.2
that [G, H ] = [G,G, H ] ≤ T (H) and the result now follows by induction on d . 
Before proving our main theorem we need one more technical lemma.
Lemma 4.6. Let G be an insoluble, locally soluble subgroup of GL(F, A) and let p ≥ 0. Suppose that G has
infinite central dimension and infinite p-rank. Assume that every proper subgroup of infinite p-rank has finite central
dimension. Then G contains a proper normal subgroup V such that if U C G and V ≤ U  G then U is soluble
and of finite central dimension.
Proof. Let T = T (G) and suppose first that T 6= G and rp(T ) is finite (of course, when p = 0 these conditions are
automatically satisfied). By Lemma 4.2, G/T is not soluble and hence is not simple (by [13, Corollary 1 to Theorem
5.27], for example). Hence G contains a proper normal subgroup L 	 T . If rp(L) is finite Lemma 4.5 implies that
L/T is G-central and hence G/T contains a nontrivial maximal normal abelian subgroup V/T . Certainly V 6= G. If
U C G and V  U  G then rp(U ) is infinite, by Lemma 4.5 and, by hypothesis, U has finite central dimension.
ThenU is soluble by Lemma 4.1. If there is no such subgroup L then we set V = T and, as above, V has the property
we require.
Next suppose that p > 0. Suppose first that rp(T ) is infinite. If T 6= G then T has finite central dimension and we
deduce from Lemma 4.1 that T is soluble. Then G/T is not soluble and hence is not simple, by [13, Corollary 1 to
Theorem 5.27]. If U C G and T ≤ U  G then rp(U ) is infinite so U has finite central dimension and Lemma 4.1
implies that U is soluble. Thus we may set T = V in this case.
Now let T = G. Suppose first that the Sylow p-subgroups of G are all of finite p-rank. Then G has the minimal
condition on p-subgroups, by [7, 3.1 Lemma], and we obtain a contradiction, since in this case the p-subgroups are
Cˇernikov and hence of finite, bounded ranks. Thus G contains some p-subgroup P of infinite rank and hence G
contains an infinite elementary abelian p-subgroup A, by [13, Corollary 2 to Theorem 6.36]. Certainly A is a proper
subgroup of G and if U C G then U A 6= G; otherwise G/U is abelian, contrary to Lemma 4.2. Thus U A is a proper
subgroup of G of infinite p-rank and hence has finite central dimension. Consequently U has finite central dimension
and hence is soluble, by Lemma 4.1. We set V = 1 in this case. 
Proof of the Main Theorem. We first suppose that G is soluble and that i = 1. By Proposition 3.1 G contains a
normal nilpotent subgroup H such that G/H ∼= Cq∞ , for some prime q. Since rp(G/H) ≤ 1, H has infinite p-rank
and hence H has finite central dimension. First we show that charF 6= 0 and to this end suppose, for a contradiction,
that char F = 0. In this case Proposition 3.1 shows that H is torsion-free. As in the proof of Theorem 3.2 we may
suppose that G is not locally nilpotent, that H is abelian, and that H contains a G-invariant subgroup V such that H/V
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is torsion-free abelian and rationally irreducible. We can show that H contains a G-invariant subgroup W ≥ V such
that H/W is an r -group, where r 6= q is prime. Therefore G/W is a product of two proper subgroups. If r0(H/V ) is
finite then rp(H/V ) is finite and we deduce that rp(V ) and rp(W ) are both infinite, contradicting Lemma 2.1(iii). If
r0(H/V ) is infinite, then r0(W/V ) is infinite, since H/W is periodic. Then rp(W/V ), and hence rp(W ), is infinite
and we again obtain a contradiction. Thus char F = p > 0.
By Proposition 3.1 H is a nilpotent bounded p-subgroup and p 6= q. Then G = H o Q, by [7, Lemma 1.D.4],
where Q ∼= Cq∞ . Thus Q has infinite central dimension. If L is a proper G-invariant subgroup of H then LQ is
a proper subgroup of G of infinite central dimension. By hypothesis rp(LQ) is finite, as is rp(L), and since L is
a bounded nilpotent p-group it is finite. In turn, G/CG(L) is finite so rp(CG(L)) is infinite. Since Q ≤ CG(L) it
follows that G = HCG(L) and hence G = CG(L). Thus L ≤ Z(G). It is easy to see that K = H ∩ Z(G) is a
proper subgroup of H . Hence K is finite and H/K contains no proper G-invariant subgroups. In particular, H/K is
a minimal normal subgroup of G/K and, since H is nilpotent, H/K is therefore an elementary abelian p-group. The
result now follows when i = 1.
If i = 2 then, since G is soluble and has infinite abelian section rank, there is a prime p such that rp(G) is infinite.
For this prime, if H is a proper subgroup of infinite p-rank then H has infinite abelian section rank and therefore H
has finite central dimension. We may now apply the case when i = 1 to deduce the result.
In the case i = 3 if G has infinite abelian section rank and X is a proper subgroup of infinite abelian section
rank then X has infinite special rank, so X has finite central dimension. The result then follows from the case i = 2.
Therefore we suppose, in addition, that G has finite abelian section rank.
Let U be a normal subgroup of G such that G/U is infinite abelian-by-finite and let V/U be a normal abelian
subgroup of G/U such that G/V is finite. Since r0(G) is finite V/U contains a finitely generated subgroup B/U
such that V/B is periodic. If C/U = (B/U )G/U , then C/U is finitely generated also. Suppose that G/U has infinite
special rank. Since G has finite abelian section rank it follows that the p-subgroups of V/C are Cˇernikov, for each
prime p. Thus pi(V/C) is infinite. If D/C is the Sylow pi(G/V )-subgroup of V/C then V/D has infinite special
rank, G/D = (V/D)o (W/D), where W/D is finite, and pi(V/D)∩pi(W/D) = ∅. Clearly V/D is a product of two
G-invariant subgroups of infinite special rank, so that G/D is a product of two proper subgroups of infinite special
rank. Thus G has finite central dimension, a contradiction. Thus G/U has finite special rank and hence U has infinite
special rank. As in Section 2 we deduce that G/U ∼= Cq∞ for some prime q. As in the case i = 1, G contains a
normal nilpotent subgroup H such that G/H ∼= Cq∞ for some prime q. If char F = 0, then H is torsion-free and
r0(H) is finite, since G has finite abelian section rank. Thus the nilpotent, torsion-free group H has finite special rank
and hence G has finite special rank in this case, a contradiction. If char F = p > 0, then H is a bounded p-subgroup
and, since G has finite abelian section rank, rp(G) is finite. Thus H is finite and G has finite special rank, which is
again a contradiction. The result now follows in the case when i = 3.
Suppose now that G is locally soluble and first let i = 0 or 1. Suppose, on the contrary, that G is not soluble. By
Lemma 4.6 G contains a normal subgroup V with the property that if U C G and V ≤ U  G then U is soluble
and of finite central dimension. Set V = U0 and let d(U0) = d0. Assume that we have constructed normal soluble
subgroups U0 ≤ U1 ≤ · · · ≤ Un such that d(Ui ) = di for i = 0, . . . , n and that di < di+1 for i = 0, . . . , n− 1. Since
G is not soluble, there exists a normal subgroup Un+1, containing Un , such that d(Un+1) = dn+1 > d(Un) and we
therefore obtain an ascending chain of soluble normal subgroups of increasing derived lengths. Let W = ⋃n≥1Un .
By this construction W is not soluble and V ≤ W , and we deduce that W = G.
Now let CA(Un) = Cn for each n ∈ N. Since Un C G, Cn is an FG-submodule for each n and since Un has
finite central dimension A/Cn is finite dimensional. Thus G/CG(A/Cn) is a locally soluble finite dimensional linear
group and hence is soluble, by [15, Corollary 3.8]. We deduce from Lemma 4.2 that G = CG(A/Cn), for each n ∈ N.
However, since G = ⋃n≥1Un it follows that CA(G) = ⋂n≥1 CA(Un) = ⋂n≥1 Cn and hence G acts trivially on the
factors of the series 0 ≤ CA(G) ≤ A. But in this case G is clearly abelian. This contradiction proves that G is actually
soluble, in the cases when i = 0, 1.
The case i = 2 can be handled using a method analogous to the proof of the corresponding case when G is soluble.
For the case i = 3 we just sketch the proof. Let G be a counterexample to the theorem. If N is a proper normal
subgroup of infinite rank then N has finite central dimension and it follows from Lemma 4.1 that N is soluble. If N
is of finite rank then by [13, Lemma 10.39] N is hyperabelian and it follows that J = ∏{N C G|N 6= G} is also
hyperabelian. Since a simple locally soluble group is cyclic it follows that G is also hyperabelian. By [1, Theorem
7.1] G contains a subgroup K that is either an elementary abelian q-subgroup of infinite rank, for some prime q, or
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a torsion-free abelian subgroup of infinite rank. Let N be a proper normal subgroup of G of finite rank and let d be
a natural number, guaranteed by [13, Lemma 10.39], such that N (d) is a direct product of Cˇernikov p-groups, for
different primes p. If N (d)K 6= G then it is easy to see that N is soluble. If N (d)K = G let r be some prime different
from q and let X be the Sylow {q, r}′-subgroup of N (d). Then XK 6= G and, as above, X , and hence N , is soluble.
Thus every proper normal subgroup of G is soluble and of finite central dimension. The proof now proceeds as in the
case i = 0, 1 and our result then follows. 
5. An example
We give an example showing that there are groups satisfying the Main Theorem. Our example has appeared before
in [2] in another context, but we give the details here.
Let p, q be distinct primes and let K be the algebraic closure of the field Fp with p elements. The multiplicative
group of K contains a subgroup P ∼= Cq∞ . Let F = Fp[P] be the subfield of K obtained by adjoining the elements
of P to Fp and view F as a vector space over itself of dimension 1. Since P acts on F via field multiplication,
P ≤ GL(F, F). For each natural number k let Pk = 〈xk,n|xqk,1 = 1, xqk,n+1 = xk,n, n ∈ N〉 ∼= P , and let Ak be
isomorphic to the additive subgroup of F . Since Pk/〈xk,k−1〉 ∼= P , there is a natural action of Pk on Ak such that
CPk (Ak) = 〈xk,k−1〉. For each natural number n let zn = (x1,n, x2,n, . . . , xk,n, . . .) ∈ Crk∈NPk and observe that
Z = 〈zn|n ∈ N〉 ∼= Cq∞ . Let A = Drk∈NAk . Since A is an infinite dimensional FZ -module in a natural way we have
Z ≤ GL(F, A) and since CAk (zn) = CAk (xk,n), each proper subgroup of Z has finite central dimension.
Now let
G =
〈(
ξ 0
0 1
)
,
(
1 f
0 1
)
|ξ ∈ P, f ∈ F
〉
,
a subgroup of GL(F, V ) where V = F ⊕ F . Then G = X o Z , where
X =
〈(
1 f
0 1
)
| f ∈ F
〉
and Z =
〈(
ξ 0
0 1
)
|ξ ∈ P
〉
.
Note that X is an infinite elementary abelian p-group and that Z ∼= Cq∞ . We may view A as an FG-module on which
X acts trivially and Z acts as above. We now form W = V ⊕ A, a direct sum of two FG-modules, and view G as
a subgroup of GL(F,W ) in the obvious way. Clearly G has infinite central dimension and has infinite p-rank. Also
X is a minimal normal subgroup of G and has finite central dimension. Let L be a proper subgroup of G of infinite
p-rank and suppose that L has infinite central dimension. Since the proper subgroups of G containing X are also of
finite central dimension we have that G = LX . Moreover L ∩ X C G so L ∩ X = 1 and we obtain the contradiction
that L ∼= Cq∞ .
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